We prove the integrability and superintegrability of a family of natural Hamiltonians which includes and generalises those studied in some literature, originally defined on the 2D Minkowski space. Some of the new Hamiltonians are a perfect analogy of the well-known superintegrable system on the Euclidean plane proposed by Tremblay-Turbiner-Winternitz and they are defined on Minkowski space, as well as on all other 2D manifolds of constant curvature, Riemannian or pseudo-Riemannian. We show also how the application of the Coupling-Constant-Metamorphosis technique allows us to obtain new superintegrable Hamiltonians from the previous ones. Morover, for the Minkowski case, we show the quantum superintegrability of the corresponding quantum Hamiltonian operator. Our results are obtained by applying the theory of extended Hamiltonian systems, which is strictly connected with the geometry of warped manifolds.
Introduction
In [18] it is proved that the Hamiltonian
α ∈ R, is superintegrable for any k ∈ Q. The proof is obtained by introducing an irregular bi-Hamiltonian structure, in analogy with the rational Calogero-Moser system. A partial generalization of this Hamiltonian has been later proved to be again superintegrable in [13] . This is the Hamiltonian
with k ∈ N, α, β ∈ R. In both the previous articles, the superintegrability of the Hamiltonians is proved via algebraic methods. In this article, we prove that H is indeed superintegrable for any k ∈ Q and that its Hamilton-Jacobi equation is separable, implying the integrability of the system, for any k ∈ R. Moreover, we determine a new class of Hamiltonians which generalizes H and is again superintegrable. We obtain these results by showing that H can be written in form of an extended Hamiltonian. We introduced extended Hamiltonian systems in [3] and in [4, 5, 7, 8] we generalized the idea of extended systems. Extended Hamiltonians are Hamiltonians with n + 1 degrees of freedom obtained from Hamiltonians with n degrees of freedom depending on a rational parameter k and admitting a non trivial characteristic polynomial in the momenta first integral of degree depending on k which is explicitly determined. The procedure of extension is essentially geometric, the characteristic first integral is generated by the recursive application of a particular operator. This class of Hamiltonians, parametrized by k ∈ Q, includes many (but not all, see Remark 5) of the known superintegrable Hamiltonians admitting a polynomial in the momenta first integral of degree dependent on any chosen rational number k. Examples which belong to the above class are, for instance, the isotropic and non-isotropic harmonic oscillators, the three-particle Jacobi-Calogero system, the Wolfes system, the Tremblay-Turbiner-Winternitz system, the Post-Winternitz system. In particular, this last system is studied in [9] by applying the technique of coupling-constant-metamorphosis. We apply here the same technique to obtain from H, and our generalizations of it, new superintegrable systems. In Section 2 we recall the basic elements of the theory of extended systems. In Section 3 we show that H is indeed an extended Hamiltonian. In Section 4 we apply the theories of extended Hamiltonians and coupling-constant-metamorphosis to obtain new superintegrable systems. Moreover we show that the same family of extended Hamiltonians of H includes Hamiltonians on other constant-curvature two-dimensional manifolds: Euclidean planes, spheres, pseudo-spheres, deSitter and anti-deSitter spaces. These Hamiltonians can be considered as generalisations of H to constant-curvature manifolds. In Section 5, the Laplace-Beltrami quantization of H and its characteristic first integral, together with their generalisations on flat manifolds, is obtained via the shift-ladder approach proposed by S. Kuru and J. Negro and adapted to extended Hamiltonians in [12] .
Extensions of Hamiltonian systems
Let L(q i , p i ) be a Hamiltonian with N degrees of freedom, defined on the cotangent bundle of an N -dimensional manifold. We say that L admits extensions, if there exists (c, c 0 ) ∈ R 2 − {(0, 0)} such that there exists a non null solution G(q i , p i ) of
where X L is the Hamiltonian vector field of L.
If L admits extensions, then, for any γ(u) solution of the ODE
depending on the arbitrary constant parameter C, we say that any Hamiltonian H(u, q i , p u , p i ) with N + 1 degree of freedom of the form
is an extension of L.
Extensions of Hamiltonians where introduced in [4] and studied because they admit polynomial in the momenta first integrals generated via a recursive algorithm. Moreover, the degree of the first integrals is related with the choice of m, n ∈ N − {0}. Indeed, for any m, n ∈ N − {0}, let us consider the operator
Proposition 1. [7] For Ω = 0, the Hamiltonian (5) is in involution with the function
where G n is the n-th term of the recursion
starting from any solution G of (3) .
For Ω = 0, the recursive construction of a first integral is more complicated: we construct the following function, depending on two strictly positive integers s, rK
where the operator U 2 2s,r is defined according to (6) as
and G r is, as in (7), the r-th term of the recursion (8), with G 1 = G solution of (3). For Ω = 0 the functions (9) reduce to (7) and can be computed also when the first of the indices is odd.
[8] For any Ω ∈ R, the Hamiltonian (5) satisfies, for m = 2s,
for m = 2s + 1, {H,K 2m,2n } = 0.
We call K andK, of the form (7) and (9) respectively, characteristic first integrals of the corresponding extensions. It is proved in [4, 8] that the characteristic first integrals K orK are functionally independent from H, L, and from any first integral I(p i , q i ) of L. This means that the extensions of (maximally) superintegrable Hamiltonians are (maximally) superintegrable Hamiltonians with one additional degree of freedom (see also [6] ). In particular, any extension of a one-dimensional Hamiltonian is maximally superintegrable.
The explicit expression of the characteristic first integrals is given as follows [8] . For r ≤ m, we have U r m,n (G n ) = P m,n,r G n + D m,n,r X L (G n ),
with
where [·] denotes the integer part and D 1,n,1 = 1 n 2 γ. The expansion of the first integral (9) is
Remark 1. If L is a natural Hamiltonian with a metric and a potential which are algebraic (resp. rational) functions of the (q i ) and if L admits and extension associated with a function G(q i , p i ) which is polynomial in the momenta and algebraic (resp. rational) in the (q i ), then the extension of L with γ = (cu) −1 has first integrals which are polynomial in the momenta and algebraic (resp. rational) in the (q i ). The first integralsK 2m,n are polynomial w.r.t. G, L, X L G, γ and p u . Indeed, by (3), it is easy to check that X L (G n ) is a polynomial in G, X L G, L, as well as G n .
Remark 2. In [5] it is proven that the ODE (4) defining γ is a necessary condition in order to get a characteristic first integral of the form (7) or (9) . According to the value of c and C, the explicit form of γ(u) is given (up to constant translations of u) by
where κ = C/c is the ratio of the constant parameters appearing in (4) and T κ , S κ and C κ are the trigonometric tagged functions [20] (see also [7] for a summary of their properties)
Therefore, we have
Remark 3. When c = 0 and κ = 0, a translation of the variable u allows not so evident changes in γ and γ ′ . Indeed, by using standard formulas, we can write for example, for c = 0,
so that, for c = ±1, κ = ±1 we can easily compute, in correspondence with the indicated translations of u, the expressions of γ ′
where the complex translation of the real variable u leaves (5) real. The table shows the remarkable fact that, for both positive and negative values of c, we can always choose positive or negative values of γ ′ , by selecting suitable translations and values of κ, i.e., we can obtain extensions with different signature. This is particularly important since, as pointed out in [5] , if L is a natural Hamiltonian with more than one degree of freedom, then the integrability conditions of (3) require that c satisfies certain conditions (related with the sectional curvatures of the metric of L), therefore, the sign of c is fixed by L, while κ remains free. Hence, without taking in account translations in u, the signature of the metric of the extended manifold (i.e. the sign of γ ′ in (5)) will be constrained by L. Actually, that sign can be freely chosen.
In order to check if a (N + 1)-dimensional Hamiltonian H is an extension of a N -dimensional Hamiltonian L, we must check if i) There exist canonical coordinates (u, p u ) such that H can be written as a warped Hamiltonian, that is
and the Hamiltonian L is independent of (u, p u ). As we see in the next section, these canonical coordinates can be determined by following an invariant geometrical procedure.
ii) For some constants c and c 0 not both vanishing, the equation (3) admits a non null solution G.
iii) The functions α and f can be written as in (5) for a γ satisfying (4).
We remark that if (3) has a solution for c = 0, then we may assume without loss of generality c 0 = 0, because L is determined up to additive constants.
Determination of the extended Hamiltonian structure
In order to show that the natural Hamiltonian (2) is an extended Hamiltonian, we have first to check if it can be written, by a point-transformation of coordinates, in the form of a warped Hamiltonian (15) . We will use the intrinsic characterization of such natural Hamiltonians making a simple generalization of the result given in [5] (Theorem 9) Let us consider a natural Hamiltonian
on a (n + 1)-dimensional Riemannian manifold (Q,g) and let X be a conformal Killing vector ofg, that is a vector field satisfying
where φ is a function onQ, called conformal factor, and [·, ·] denotes the Schouten-Nijenhuis bracket. We define X ♭ as the 1-form obtained by lowering the indices of the vector field X with the metric tensorg.
Theorem 3. If onQ there exists a conformal Killing vector field X with conformal factor φ such that
then, there exist onQ coordinates (u, q i ) such that ∂ u coincides up to a rescaling with X and the natural Hamiltonian (16) has the form (15) . Morover, if
whereR is the Ricci tensor of the Riemannian manifold (Q,g), then the function α(u) in (15) satisfies the condition α = −γ ′ with γ solution of (4).
Proof. Following [5] , conditions (17), (18), (19) imply that the metricg ab is in the warped form (15) in suitable canonical coordinates (u, q i ) such that in these coordinates X is of the form
Condition (20) means that X(Ṽ ) + φṼ is constant on the leaves orthogonal to X; in other words,
and thus it has the form of the potential in (15) where V (q h ) is the potential of L. The second part of the statement is proved in [5] . (17), (18) , (19) are the already known intrinsic characterization of a warped metric, while condition (20) intrinsically assures that the scalar part of the Hamiltonian is compatible with the warped structure. It is remarkable the fact that an intrinsic condition -Eq. 21 -characterizes also the subset of the warped metrics which are involved in extended Hamiltonians. The extended potentials with Ω = 0 are intrinsically characterised by X(Ṽ ) + φṼ = 0.
We apply the above statement to the Hamiltonian (2) defined on Minkowski plane. First, we remark that on M 2 the Ricci tensor is zero, therefore, the condition (21) is verified for any vector X with a = 0. A conformal Killing vector satisfying the remaining conditions is
where C is any non zero real constant.
The vector X is the gradient of the function 2Cq 1 q 2 . Performing the coordinate transformation
we see that (x i ) are the standard pseudo-Cartesian coordinates such that the geodesic term of the Hamiltonian H becomes
In these coordinates, we have
thus, 2q 1 q 2 = C is the equation verified by points having fixed distance from the origin in the pseudo-polar coordinates of M 2 . Hence, a coordinate system (u, χ) such that X is parallel to ∂ u is the pseudo-polar one, with u coinciding with the hyperbolic radius of the hyperbolic circles. Indeed, by applying the transformations
where χ is the pseudo-angle, we get after simple computations that (2) becomes
Finally, we apply a further coordinate transformation, by setting
and we get
where V =αe −4ψ +βe −2ψ , and γ = 1 cu satisfying (4) for c 0 = 0, C = 0 , hence with κ = 0, and c satisfying the condition
As a second step, we have to find a non-trivial solution G(p ψ , ψ) of the equation
If we assume G = g(ψ)p ψ , by expanding equation (29) we obtain 
where a i are arbitrary real constants. A common solution g exists for η = 2, a 1 = 0, a 2 = a 3 .
Indeed, we get a non trivial solution of (29)
that corresponds to the extended Hamiltonian
Hence, by solving m n = 2(k + 1),
(for any k ∈ Q, the equation admits positive integer solutions m, n) we can write the Hamiltonian (27) as an extended Hamiltonian.
As immediate corollaries of the proof that the Hamiltonian (2) is an extension of (28), we get additional informations about (2) i) the function L is a quadratic first-integral of H, in accordance with the results of [13] ;
ii) as a consequence of i, the Hamilton-Jacobi equation associated with H is separable in a Stäckel coordinates system for any k ∈ R. It is evident from (27) that this coordinate system is (u, ψ) (or, equivalently, (u, χ)), the pseudo-polar coordinates of M 2 . The separability of the Hamiltonian (2) was not noticed until now, while the separability of (1) with β = 0, k ∈ R was found in [18] in the same pseudo-polar coordinates.
Remark 5. In [18] it is proved the superintegrability of other two Hamiltonians in M 2 ,
with the quadratic in the momenta first integral
and
with first integral
These Hamiltonians cannot be written as extensions by using point transformations of coordinates. Indeed, due to the form of the extended Hamiltonians, in dimension two it is necessary that the extended Hamiltonian is diagonalized in the coordinates adapted to the warped product characterizing the extension. Necessarily, also the first integral L, quadratic in the momenta, must be diagonalized in these coordinates, since the Hamiltonian is Stäckel separable. It is easy to check that I 1 and I 2 are the unique non-trivial quadratic first integrals of the Hamiltonians H 1 and H 2 respectively, and it is impossible to find coordinates, real or complex, simultaneously diagonalizing H 1 and I 1 , or H 2 and I 2 . It is possible to see that the Killing tensors associated to I 1 and I 2 have an eigenvalue with algebraic multiplicity two, but with one-dimensional eigenspace (in the case of indefinite metric there exist symmetric tensors which do not admit a basis of eigenvectors). Therefore, the Killing tensors cannot determine separable coordinates [1] .
i) The first evident generalization is that, from (33), we have that (2) is an extended Hamiltonian for any
and, therefore, for any rational number k ∈ Q instead of k ∈ N. In [18] the superintegrability of (27) with β = 0 was proved for k ∈ Q.
From Section 2, it is straightforward to find another generalization of the Hamiltonian (2) just by adding to it the scalar
so that we get a family of superintegrable potentials on M 2 depending on three real parameters (α, β, Ω), in analogy with the TTW potential on E 2 . Indeed, the general theory of extended Hamiltonians resumed in Section 2 assures the existence of a constant of motion of the form (9) for these new Hamiltonians.
ii) We can try to find more general scalar potentials V (ψ) in L = 1 2 p 2 ψ + V allowing the existence of functions G solutions of (29), where c = −η 2 in order to stay on a Lorentzian manifold, without restrictions on η ∈ R.
We start by looking for G = G(ψ). By solving equation (29) for both G and V as in the previous section, we find
where C 1 , C 2 , C 3 are arbitrary parameters (with the obvious constraints C 3 = 0, C 1 and C 2 not both zero). These general expressions of G and V were obtained already in [4] . Instead, by looking for G of the form G = g(ψ)p ψ , we obtain
where C 1 , C 2 , C 3 , C 4 are arbitrary parameters (with the obvious constraints C 1 , C 2 not both zero, as well as C 3 , C 4 ).
It is immediate to see that (35) is a particular case of (37), obtained for C 4 = 0, while the functions G and g (given in (34) and (36), respectively) are equal up to the sign of C 2 . By setting η = 2, C 1 = 1, C 2 = 0, C 3 =α, C 4 =β, in (36), (37), we exactly find the potential of the Hamiltonian (28), with the corresponding function G solution of (29). In general, the change of coordinates
transforms the extension
It is now evident that, since η is now an inessential multiplicative parameter of the potential, the extensions with a general η ∈ R are Hamiltonians essentially equivalent to those obtained for η = 2.
We can write the functions (36) and (37) in a simpler form, focusing on essential parameters (with η fixed equal to 2). According to the sign of C 1 C 2 we can write (36) as
The form (40) appeared already in [8] and it is mapped to (39) by an imaginary translation of iπ/2. Moreover, the transformation
maps the extended Hamiltonians
The generalized extended Hamiltonian obtained from (2) is thereforẽ
where V is (37) and m n = η(k + 1), c = −η 2 . Remark 7. The Hamiltonian (41) becomes (27) when C 2 = 0, C 1 = 1, C 3 =α, C 4 =β. When C 2 = 1, C 1 = 0, the potentials correspond up to the exchange between q 1 and q 2 . For C 1 and C 2 both = 0, we obtain new superintegrable potentials. Of the four parameters C i only two are essential, the remaining two being reducible to a single multiplicative factor.
One could search for other superintegrable potentials V by assuming different expressions for G = G(ψ, p ψ ), but the resulting differential equations are much less easy to solve than for G constant or linear in the momentum p ψ .
iii) From the Hamiltonian (41) we can obtain another family of superintegrable Hamiltonians depending on a rational parameter k by applying to it the Coupling-Constant Metamorphosis (CCM) as described in [14, 16, 19, 9] .
The CCM transforms integrable or superintegrable systems in new integrable or superintegrable ones, by mapping first integrals in first integrals. It is characterized by the following theorem Let us consider a Hamiltonian H =Ĥ −ẼU in canonical coordinates (x i , p i ), whereĤ(x i , p i ) is independent of the arbitrary parameterẼ and U (x i ), with an integral of the motion K (depending onẼ). If we define the CCM of H and K as H ′ = U −1 (Ĥ − E) and K ′ = K|Ẽ =H then K ′ is an integral of the motion for H ′ .
In our case, the configuration manifold of the resulting system is again M 2 . Indeed, from (41), by applying the CCM based onẼ = −η 4 Ω, and recalling that k + 1 = m n , we get
where V is given by (37). By performing the rescaling u 2 = 2v, we obtain
or, in coordinates
The configuration manifold of H ′ , is again M 2 . The form of the characteristic first integral of (43) can be found in [9] .
iv) The choice c = −η 2 , for η = 2, and C = κ = 0 in Section 3 has been made in order to obtain the Hamiltonian (2) in M 2 as an extension of (28). However, from Sec. 1 we know that for different values of c and C we can obtain extensions of the same L of (28) which are defined on manifolds different from M 2 , but which still belong to the same family of extensions of L and, therefore, which can be seen as generalizations of the Hamiltonian (2) in these new manifolds. A first possible generalization is the following: we consider the expressions (36), (37) for G and V and we allow that η takes imaginary values. Such values of η imply the appearance of trigonometric functions in G and V , which remain real provided C 1 = C 2 and C 4 are imaginary. In this way we see that the extension
is now defined in the Euclidean plane, since c = |η| 2 > 0. It follows that H 0 is nothing but the Tremblay-Turbiner-Winternitz Hamiltonian discussed in [8] .
Moreover, we can consider values of κ different from 0, according to the freedom of choice of the parameter C in (4). Consequently, for η real or imaginary (i.e., for c < 0 or c > 0), we have the possible extensions of L H 1 = 1 2 p 2 u + (k + 1) 2 c sin 2 cu L + Ω tan 2 cu, (κ = 1) (45)
corresponding, for c > 0, to Hamiltonians on the sphere S 2 and on the pseudosphere H 2 , respectively, and, for c < 0, to Hamiltonians defined on the deSitter space dS 2 and on the anti-deSitter space AdS 2 , respectively. We recall that, in this case, the value of c is related to the value of the curvature of the configuration manifold of H 1 , H 2 .
In this way, we obained some kind of generalizations of the Hamiltonian (2) in manifolds of constant positive and negative curvature, on Riemannian and pseudo-Riemannian manifolds, since they are all obtained as extensions of the same one dimensional Hamiltonian.
Finally, we consider the case c = 0, which cannot be deduced from (36), (37), since we assumed there that c 0 = 0 in (3). For the case c = 0, c 0 = 0, we have from [8] either
Therefore, we have that the function L (28) is not included in this case.
The Hamiltonians (45), (46), defined on conformally flat Riemannian manifolds, can be again transformed into new superintegrable systems by applying to them the CCM.
The results of above are summarized in the following statement 
as well as any Hamiltonian if the form
remain separable in pseudo-polar coordinates for any k ∈ R, and therefore it is Liouville integrable.
Remark 9. All the Hamiltonians of Theorem 4 correspond essentially to the Tremblay-Turbiner-Winternitz system, its generalizations on constant-curvature manifolds and its CCM transformed Hamiltonians. This becomes evident by comparing the Hamiltonians of above with those given in [8, 17, 15] and references therein.
Quantization
We consider the Hamiltonian (41) with V given by (37), thus including the Hamiltonian (2) . We indicate how to quantize it together with its characteristic first integral corresponding to any rational parameter, proving the quantum superintegrability of this two-dimensional system with a potential involving three arbitrary parameters. The quantization is made possible by applying the method described in [12] , where the Kuru-Negro quantization, based on factorization in shift and ladder operators, is adapted to extended Hamiltonians on flat manifolds. Indeed, in order to apply the method for H defined on a two-dimensional manifold, it is enough to find solutions F (ψ) to the system of equations
corresponding to (20) and (21) of [12] , for a suitable constant c 1 . We have in our case
where g is given in (36). The construction of the quantum Hamiltonian and of the characteristic symmetry operator is then explicitely described in [12] , Theorem 10. To the function L we associate the quantum operator
which can be extended to the quantum Hamiltonian
which commutes withL. Then, the operator
is such thatĤ
for all multiplicatively separated eigenfunctions f E = φ M E (u)χ λ (ψ) ofĤ such that χ λ is an eigenfunction ofL with eigenvalue λ, and
where φ M E (u) is (not restrictively) any eigenfunction of the "radial" operator
corresponding to the eigenvalue E, and wherê
The operatorX k ǫ,E is therefore a symmetry ofĤ, called "warped symmetry" in [12] , corresponding to the characteristic first integral of the classical extended Hamiltonian H.
Conclusions
In this article we show that the theory of extended Hamiltonians allows not only to prove the superintegrability of the Hamiltonian (2) for any non-zero rational k, but also gives immediate generalizations of H, both on flat and curved manifolds, which are still superintegrable Hamiltonians and include the superposition of a harmonic oscillator term.
Moreover, the application of the coupling-constant-metamorphosis produces further superintegrable Hamiltonians, when adapted to the structure of extended Hamiltonians.
The possible generalizations are not exhausted by the examples given in the present paper. For example, the methods employed in [6] allow to extend n dimensional superintegrable Hamiltonians into n + 1 dimensional ones, again superintegrable. The application of those methods to the present case has not been considered yet.
The procedure of Laplace-Beltrami quantization of extended Hamiltonians and their associated first integrals of high-degree developed in [12] on flat manifolds is applied to the present case, so the quantum superintegrability of (2) and its generalisations on flat manifolds is proved. The problem of the quantum superintegrability of (2) was left open in [13] . The quantization of extended Hamiltonians on curved manifolds, such as (45) and (46), is still an open problem.
The search for extended Hamiltonian structures is limited for the moment to point-coordinate transformations. A possible future direction of research is the search for extended Hamiltonian structures under more general canonical transformations, for example concerning the systems described in Remark 5.
